The gravitational energy by Novello, M. & Bittencourt, E.
ar
X
iv
:1
31
1.
69
84
v1
  [
gr
-q
c] 
 26
 N
ov
 20
13
The gravitational energy
M. Novello∗ and E. Bittencourt†
Instituto de Cosmologia Relatividade Astrofisica ICRA - CBPF
Rua Dr. Xavier Sigaud 150 - 22290-180 Rio de Janeiro - Brazil
(Dated: August 14, 2018)
We present the expression tµν of the energy-momentum tensor of the gravitational field in the
framework of the recent proposal of the Geometric Scalar theory of gravity (GSG). From the con-
servation of tµν it follows the dynamics of the gravitational field. As an example of this expression
for tµν we calculate the gravitational energy of a compact object.
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I. INTRODUCTION
In spite of several attempts, the theory of general
relativity (GR) is not able to exhibit a true energy-
momentum tensor for the gravitational field. This is usu-
ally understood as the impossibility to localize the gravi-
tational energy. To bypass this criticism, many proposals
have been discussed in the literature suggesting that for
the case of gravity the ambiguity of the localization of its
energy should be necessarily treated in terms of pseudo-
tensorial quantities as it was proposed by Einstein [1],
Tolman [2], Landau and Lifshitz [3] and Møller [4]1. The
origin of such difficulty is due to the characteristic of this
theory that deals with a dynamics imposed directly on
the geometry. Such property led to the general accep-
tance that for gravity processes, the definition of energy
should be transcended and considered as a fruitful and
important concept limited to some special configurations
like, for instance, in asymptotically flat geometries.
This situation is not present in those alternative the-
ories in which the dynamics of the gravitational field is
not directly imposed upon the metric structure. This is
the case of the recent Geometric Scalar Gravity (GSG)
[7] that combine the main idea of general relativity—that
is, gravity is a geometrical phenomenon that should be
treated as a modification of the metric of space-time—
with the dynamics being imposed only indirectly to the
geometry. The construction of a true energy-momentum
tensor for the gravitational field in the GSG is the focus
of this paper.
We shall present arguments to support the identifica-
tion of a symmetric second order tensor to the energy-
momentum tensor of the gravitational field. This will be
made in the realm of the GSG in which the basic funda-
mental quantity that represents the gravitational field is
the scalar field Φ.
The characterization of the gravity as nothing but the
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1 See the analysis in [5] and references therein. An alternative
point of view was proposed by Bel [6].
geometry of space-time gave a beautiful interpretation
of the equivalence principle. The fact that it is possible
to annihilate locally the gravitational effects led to the
general belief that the gravitational energy should not
be associated to a true tensorial object but to a pseudo-
tensor in order to be eliminated locally according to the
equivalence principle.
The discovery of a pseudo-tensor to represent the non-
localization of the gravitational energy was perfectly in
accord with these main ideas that are at the basis of gen-
eral relativity. Einstein for instance proposed to char-
acterize the energy content in the gravitational field in
terms of a super-potential Hµ
[νλ] such that one obtains
the pseudo-tensor
T νµ = ∂λHµ
[νλ],
where
Hµ
[νλ] =
1
2κ
g˜µε ∂α
(
g˜εν g˜αλ − g˜ελ g˜αν) .
We note in passing that distinct from all other energy-
momentum tensor of field theories—e.g., electromagnetic
field—that contains only first order derivative of the field,
the role of the energy-momentum tensor displayed in GR
by the quantity T νµ contains second order derivatives of
the basic variable g˜αλ =
√−g gαλ.
Nothing similar in the Geometric Scalar Gravity that
attributes a real tensor tµνg to the description of the en-
ergy content of the field and consequently cannot be lo-
cally made to vanish by any choice of coordinates. We
emphasize that this property does not conflict with the
Equivalence Principle, once the basic variable Φ interacts
with matter only through the combination that generate
the metric qµν . The universality of the gravitational inter-
action of any kind of matter and energy only through this
metric and its derivatives allows the possibility of local
annihilation of the gravitational field by making to van-
ish the associated Christoffel symbol. This makes GSG
in perfect agreement with the Equivalence Principle.
The adjective “geometric” in its name means that this
theory accepts the hypothesis originally made in general
relativity, that gravity is a geometrical phenomenon
described by a Riemannian metric. In GR the ten com-
ponents of the metric tensor are the basic variables of
2the theory (up to coordinate transformations). In GSG
the metric tensor is determined by the derivatives of a
fundamental independent physical quantity represented
by the scalar field Φ. In order to exhibit the similarities
and differences between GSG and GR let us summarize
their main properties.
Basic properties of General Relativity:
• The gravitational interaction is described by a sec-
ond order tensor field hµν ;
• The field hµν satisfies a nonlinear dynamics;
• The theory satisfies the principle of general covari-
ance which, in other words, means that GR is not a
theory restricted to the realm of special relativity;
• All kinds of matter and energy interact with hµν
only through the pseudo-Riemannian metric
gµν = ηµν + hµν ;
• Test particles follow geodesics relative to the grav-
itational metric gµν ;
• hµν is related in a nontrivial way with the Newto-
nian potential ΦN ;
• The background Minkowski metric is not observ-
able. Matter and energy interact gravitationally
only through the combination ηµν + hµν and its
derivatives;
• Electromagnetic waves propagate along null
geodesics relative to the metric gµν .
• The contravariant definition of the metric in GR,
that is,
gµν = ηµν + hµν
is an exact expression. Thus the corresponding co-
variant expression, defined as the inverse gµν g
νλ =
δλµ, is given by the infinite series
gµν = ηµν − hµν + hµα hαν + ...
Basic properties of the Geometric Scalar Grav-
ity:
• The gravitational interaction is described by a
scalar field Φ;
• The field Φ satisfies a nonlinear dynamics;
• The theory satisfies the principle of general covari-
ance which, in other words, means that GSG is not
a theory restricted to the realm of special relativity;
• All kinds of matter and energy interact with Φ only
through the pseudo-Riemannian metric
qµν = αηµν +
β
w
∂µΦ ∂νΦ, (1)
where α and β are functions of Φ and w ≡
∂µΦ ∂νΦ η
µν ;
• Test particles follow geodesics relative to the grav-
itational metric qµν ;
• Φ is related in a nontrivial way with the Newtonian
potential ΦN ;
• The background Minkowski metric is not observ-
able. Matter and energy interact gravitationally
only through the combination
α ηµν +
β
w
∂µΦ ∂νΦ
and its derivatives;
• Electromagnetic waves propagate along null
geodesics relative to the metric qµν ;
• The contravariant definition of the metric in GSG,
that is, equation (1) is an exact expression. The
corresponding covariant expression, defined as the
inverse qµν q
νλ = δλµ, is also a binomial expression
qµν =
1
α
ηµν − β
α (α+ β)w
∂µΦ ∂νΦ. (2)
The parameters α and β that are functionals of the
scalar field Φ were specified in [7] by fixing the dynamics
of the scalar field. We note that in both theories (GR
and GSG) the auxiliary (Minkowski) metric ηµν is unob-
servable because the gravitational field couples to matter
only through the effective metric gµν in the case of GR,
or to qµν in the case of GSG. Thus, in both theories a
unique geometrical entity interacts with all forms of mat-
ter and energy and the geometry underlying all events is
controlled by the gravitational phenomena.
From this postulate it follows immediately that the
space-time geometry is an evolutionary process identified
to the dynamics of the gravitational field. This beauti-
ful hypothesis made by Einstein and that constitutes the
true basis of general relativity is contained in each obser-
vation as a specific example of a geometry solving that
dynamics. That is, the metric couples universally and
minimally to all fields of the standard model by replac-
ing everywhere the Minkowski metric ηµν either by gµν ,
in the case of GR, or by qµν in the case of GSG.
The origin of this departure from general relativity was
explained in [7] where the expressions of α and β were
obtained from the analysis of the gravitational properties
of planetary orbits yielding
3α = e−2Φ, (3)
β =
1
4
(e−2Φ − 1)(e−2Φ − 9) (4)
and
V =
(eΦ − 3e3Φ)2
4
, (5)
where V (Φ) is the nonlinear potential of the lagrangian
that is at the basis of GSG.
We shall prove that in the Geometric Scalar Gravity,
the energy density of a star—let us call it Eg—is obtained
as a solution of the first-order differential equation
dEg
dΦ
+Q(Φ) Eg + P (Φ) = 0,
where the functions Q and P are given in terms of
the scalar gravitational field. The gravitational energy
density Eg is defined as the 0 − 0 component of the
true energy-momentum tensor tµνg . The simplest way to
present this proposal is to use the description of GSG in
the framework of a field theory suggested by Gupta [8],
Deser [9], Grishchuk [10], Feynman [11] and others in the
case of GR. We start this program by a short review of
the correspondent scheme of general relativity.
II. THE FIELD THEORY DESCRIPTION OF
GENERAL RELATIVITY
In the geometric formulation of general relativity the
metric of space-time gµν satisfies the equation
Gµν ≡ Rµν − 1
2
Rgµν = −κTµν. (6)
There is another form to present such dynamics using
a description in terms of a field theory embedded in an
auxiliary flat space-time taken a priori as non-observable
[11].
In this formulation, one starts by defining a symmet-
ric second order tensor hµν , which lies on the Minkowski
background ηµν . Then the hypothesis is made that mat-
ter and energy of any kind interacts gravitationally only
through the combination2 given by equation
2 Let us note that Grishchuk et al. [10] made a different choice
and they use the definition not in terms of a tensorial equation,
but defining the pseudo-tensor terms as
√
−g gµν =
√
−η (ηµν + hµν).
gµν = ηµν + hµν . (7)
This binomial form is an exact expression for the met-
ric gµν . Consequently the covariant tensor gµν is an infi-
nite series:
gµν = ηµν − hµν + hµα hαν + ... (8)
There are two main postulates founding general rela-
tivity:
• The background Minkowski metric is not observ-
able. Matter and energy interact gravitationally
only through the combination ηµν + hµν and its
derivatives. Any test body in a gravitational field
moves along a geodesic relative to the metric gµν ;
• The dynamics of gravity is described by an equation
relating the contracted curvature tensor Rµν to the
stress-energy tensor of matter.
In the next section, these postulates will be applied in
the derivation of the field theory formulation of GR.
III. INTERPRETING THE NON-LINEAR
TERMS OF THE DYNAMICS OF THE
GRAVITATIONAL FIELD gµν OF GENERAL
RELATIVITY IN TERMS OF EQUIVALENT
“ENERGY-MOMENTUM REPRESENTATION”
Using equations (7) and (8) we re-write the dynamics
(6) as an infinite series
GLµν = −κ
(
Tµν + t
(1)
µν + t
(2)
µν + t
(3)
µν + ...
)
, (9)
where GLµν is the linear part of the Einstein tensor Gµν
and the quantities t
(n)
µν for n = 1, 2, 3, ... contains non-
linear terms of the Ricci tensor developed in series of
order hn. The tensor of matter is divergence free
T µν ;ν = 0.
Writing in a compact form
GLµν = − κ (Tµν + tµν) ,
we note that although the quantity tµν appears as the
non-linear source of the gravitational field hµν it should
not be identified with the gravitational energy, once it
follows from this dynamics that it is not a conserved ten-
sor in the metric gµν , once its divergence does not vanish
tµν ;ν 6= 0,
which is the origin of the main difficulties to under-
take this field-theoretical path to construct a well-
grounded energy-momentum tensor for the gravitational
field within the GR theory.
4IV. THE FIELD THEORY DESCRIPTION OF
THE GEOMETRICAL SCALAR GRAVITY
The dynamics of the GSG as proposed in [7] is given
by the equation
√
V Φ = κχ, (10)
where V is given by equation (5) and the d’Alembert
operator  is defined in the curved metric
qµν = αηµν + β
∂µΦ ∂νΦ
w
,
that is
Φ ≡ 1√− q ∂µ
(√− q ∂νΦ qµν) . (11)
The determinant q of qµν is given by
√− q =
√− η
α3/2
√
α+ β
. (12)
The source χ of the gravitational field was obtained in
[7] and its explicit expression is written as
χ =
1
2
(
3 e2Φ + 1
3 e2Φ − 1 E − T −∇λ C
λ
)
. (13)
The quantities E, T and Cλ are given in terms of the
energy-momentum tensor
T ≡ T µν qµν , E ≡ T
µν ∂µΦ ∂νΦ
Ω
and
Cλ ≡ β
αΩ
(
E qλµ − T λµ) ∂µΦ,
where
Ω ≡ ∂µΦ∂νΦ qµν = α3 V w.
The energy-momentum tensor of matter is defined in the
standard way
Tµν =
2√−q
δ(
√−q Lmat)
δqµν
. (14)
Equation (10) describes the dynamics of the GSG
in presence of matter. The source of the gravity ex-
pressed by the quantity χ involves a non-trivial cou-
pling between the gradient of the scalar field ∂µΦ and
the energy-momentum tensor of the matter field Tµν and
not uniquely its trace, as the previous unsuccessful scalar
theories of gravity [12].
In order to express this theory along the same lines as it
was made in the case of general relativity, let us describe
the dynamics of GSG following similar steps, according
to Feynman’s approach, and try to describe the dynamics
of the scalar field Φ in a flat space-time endowed with the
metric ηµν . We start with the Lagrangian
L = V (Φ)w. (15)
Variation of L with respect to Φ yields
δ
∫ √−η L = ∫ √−η (V MΦ+ 1
2
dV
dΦ
w
)
δΦ.
In this expression M represents the d’Alembert opera-
tor in the auxiliary Minkowski metric, defined as
MΦ =
1√−η ∂µ
(√−η ηµν ∂νΦ) .
The dynamics issued from this Lagrangian is given by
V MΦ+
1
2
V ′ w = 0, (16)
where V ′ ≡ dV/dΦ. Using the identity
Φ = (α + β)
(
MΦ +
1
2
V ′
V
w
)
, (17)
where  is given by (11), it follows that the dynamics
described by (15) is equivalent to the form
Φ = 0. (18)
At this point, the geometrical scalar gravity takes a
step beyond and following similar lines as in GR states
the fundamental hypothesis that all forms of matter
and energy interact with the gravitational field Φ only
through the combination of metric qµν and its derivatives
in a covariant way. In other words, given the Lagrangian
of matter Lmat in the special relativistic theory then, in
order to couple this matter to the gravitational field, one
has only to use the minimal coupling principle and substi-
tute the unobserved metric ηµν by the gravitational one
qµν . Thus, using this principle one obtains the equation
of motion that drives the effects of matter in the gener-
ation of a gravitational field, that is equation (10). The
final step to complete the theory is to fix the dependence
of V on the coefficients α and β and its relation with
Φ. In the quoted paper we obtained the values displayed
above in Eqs. (3), (4) and (5).
Then, inserting these expressions in the matter action∫ √−q Lmat one obtains the form of χ given above in Eq.
(10).
Let us remark that only the trace T and the projections
of Tµν onto the gradient of Φ appear in this expression.
This means that only five components from the ten con-
tained in the energy-momentum tensor of matter appear
in the dynamics. Nothing similar in GR once in this the-
ory all components of Tµν are involved in the dynamics.
5V. INTERPRETING THE NON-LINEAR
TERMS OF THE DYNAMICS OF THE
GRAVITATIONAL FIELD Φ IN TERMS OF
EQUIVALENT “ENERGY-MOMENTUM
REPRESENTATION”
In this section we will finish the task of achieving in
the Geometric Scalar Gravity the equivalent result of
Gupta-Feynman representation of GR as a field theory
description in an unobservable background endowed with
a Minkowski metric.
From the bridge relation (17), we rewrite the dynam-
ics of Φ in terms of the auxiliary flat space-time. The
dynamics of Φ in (10) takes the form
MΦ =
κχmat
(α+ β)
√
V
− V
′
2V
w (19)
where χmat represents the source matter terms. Our task
then is to construct an associated energy-momentum ten-
sor Θµν such that using the expression (13), we can re-
write the non-linear term of the r.h.s. of the above equa-
tion as a source of the field or, in other words, to choose
Θµν such that the χ−term associated to this tensor re-
produces precisely the non-linear term that is
κχθ
(α+ β)
√
V
= − V
′
2V
w.
A first guess is almost univocally determined by setting
Θµν = a ∂µΦ ∂νΦ+ b qµν , (20)
where a and b may depend on Φ and on its derivative
Ω. Let us prove that this is indeed possible. From the
definitions of E, T and Cλ a direct calculation yields
EΘ = aΩ+ b; TΘ = aΩ + 4 b and (C
λ)Θ = 0.
Using these values on the expression of χ we obtain
χΘ =
1
2 (3− α) [2αΩ a+ (5α− 9) b]. (21)
The question now is to find values of a and b such that
allows for the identification:
− wV
′
2V
= κ
χΘ
(α + β)
√
V
.
Developing both sides of this equation we obtain the
unique condition relating a and b, that is:
b =
2Ω
9 e2Φ − 5
(
a−
√
V (1 − 9 e2Φ)
)
(22)
A particular solution of this relation is given by the values
a = −4
√
V and b = 2
√
V Ω.
(In the appendix [A] we explain the origin of such choice.)
This ends the proof that it is possible to describe the
dynamics of GSG through a similar procedure as it was
made by GR, that is we can rewrite the gravitational
dynamics (10) under the form
MΦ =
χmat + χθ
(α+ β)
√
V
, (23)
which is the version for GSG of the expression (9) of
general relativity.
The first part of our task is finished. Let us now turn
to a more ambitious question, that is, such symmetric
second order tensor Θµν can be associated to the gravi-
tational energy?
In the absence of matter we should expect that the
true energy-momentum tensor of the gravitational field
tµνg should be conserved, that is, we should have
tµνg ;ν = 0
where the covariant derivative, of course, being taken in
the observable gravitational metric qµν . In the case of
general relativity is evident that the quantity tµν intro-
duced by Feynman and others cannot represent a con-
served energy tensor. What about the quantity Θµν of
GSG? A direct calculation yields
Θµ
ν
;ν = (∂νaΦ
ν + aΦ)Φµ +
a
2
∂µΩ+ ∂µb. (24)
Note that the indexes of Θµν must be lowed and raised
with the gravitational metric qµν . Using the particular
values of a and b displayed above, it follows (setting Φ =
0)
Θµ
ν
;ν = −V ′ Ω√
V
∂µΦ. (25)
We have pointed out that not all components of the
energy-momentum tensor enter in the dynamics of Φ.
This property allows us to ask the following question:
is it possible to add to this Θµν another term—call it
∆µν—such that it does not change the dynamics of Φ
and generate a conserved quantity? Let us show that
this is indeed possible3.
The extra tensor ∆µν
From what we have shown in the precedent sections,
we realize that there is a freedom on the expression of
the gravitational energy-momentum tensor that allows
one to envisage the possibility to add to the tensor Θµν
another extra term ∆µν that satisfies the two conditions:
3 This is nothing but the freedom to add a total derivative on the
Lagrangian. See the Appendix [A] for more details.
6• It does not affect the dynamics of Φ;
• The sum Θµν +∆µν is divergence-free.
We set as an attempt, the expression
∆µν = m∂µΦ ∂νΦ + n qµν
and look for values of m and n that satisfies the above
conditions. The associated expression χ∆ defined in
terms of the quantities E, T and Cλ gives
E∆ = mΩ+ n; T∆ = mΩ+ 4n and C
λ
∆ = 0.
Thus, using equation (13) it follows that such extra
term does not produce any modification on the dynamics
of Φ that is, χ∆ = 0 is
3 e2Φ + 1
3 e2Φ − 1 E∆ − T∆ = 0, (26)
which is satisfied by imposing the relation
n =
2Ω
9 e2Φ − 5 m. (27)
Although the tensor ∆µν does not produce any mod-
ification on the dynamics of Φ, it can help in the con-
struction of a conserved quantity that we will call the
energy-momentum tensor of the gravitational field:
tgµν ≡ Θµν +∆µν .
Indeed, in order to obtain the dynamics (18) from the
conservation tµνg ;ν = 0 the condition
(a+m), ν Φ
ν Φµ +
1
2
(a+m)Ω, µ + (b+ n), µ = 0, (28)
must be satisfied where a, b,m and n are related by the
two equations (22) and (27).
In the particular case of a static and spherically sym-
metric configuration admitting a time-like Killing vector
where the gravitational field does not depend on time,
the general expression
tgµν = (a+m)ΦµΦν + (b + n) qµν
provides the total energy of the gravitational field.
We note that what an observer endowed with a four-
velocity vµ call density of energy Eg is given by the pro-
jection Eg = tµν vµ vν . Choose the normalized four-vector
vµ =
√
α δµ0 to obtain
Eg = b+ n, (29)
where the density of energy is given by solutions of the
equation (28) that in this case reduces to
∂λ
(
(9 e2Φ − 5)
2Ω Eg +
1
κ
√
V (1− 9 e2Φ)
)
ΦλΦµ+
1
2
(
(9 e2Φ − 5)
2Ω Eg +
1
κ
√
V (1 − 9 e2Φ)
)
Ωµ + ∂µEg = 0.
Let us now give a specific example of this formula for
the case of a star.
VI. THE GRAVITATIONAL ENERGY OF A
STAR
In [7] the gravitational field of a spherically symmet-
ric and static configuration was calculated. The gravi-
tational metric associated to this configuration has the
same expression as in the Schwarzschild solution of gen-
eral relativity. This means that the geometry constructed
with qµν in the case that Φ = Φ(r) given by
ds2 =
(
1− rH
r
)
dt2 −
(
1− rH
r
)−1
dr2 − r2dΩ2 (30)
is a solution of both dynamics, that is, the vacuum equa-
tions of general relativity Rµν = 0 and also of the geo-
metric scalar theory, that is
Φ = 0, (31)
where the covariant derivatives are taken, obviously, in
the metric (30). The gravitational field, satisfying (31)
is
Φ =
1
2
ln
(
1− rH
r
)
. (32)
Let us now evaluate the gravitational energy of a star ac-
cording to the analysis presented in the previous section.
The first step is to know the value of tensor tµν =
Θµν + ∆µν . In the present case a simplification appears
due to the fact that the norm Ω can be written as an
algebraic expression of the scalar field. Indeed, a direct
calculation gives
Ω = − 1
4 r2H
(α− 1)4
α3
,
where α = (1− rH/r)−1. Using this property into equa-
tion (28), we can evaluate the gravitational energy den-
sity of a star by the formula Eg = b + n. From the con-
dition of conservation (28), we have
d(a+m)
dα
Ω+
(a+m)
2
dΩ
dα
+
d(b + n)
dα
= 0.
Now, from the relation between a+m and b+n it follows
a+m =
(
9− 5α
2Ω
)
(b+ n) +
√
V (α− 9)
κα
.
Using these results it implies that the gravitational en-
ergy density of a star satisfies the linear differential equa-
tion
dEg
dα
− 5α+ 3
6α (α − 1) Eg + P (α) = 0, (33)
where
P (α) =
1
6 κ r2h
(α − 1)3 (7α2 − 45α+ 54)
|α− 3|α11/2
7This equation can be integrated analytically and all de-
tails are presented in Appendix [B]. It is important to
remark that we have to choose the integration constant
in order to set Eg equal to zero when r goes to infinity.
From the conservation of tµν it follows that
Eg =
∫
tµ0 kµ
√−qd3x
is a constant, where kµ = (1/α, 0, 0, 0) is the time-like
Killing vector of the Schwarzschild solution. Then, we
obtain the gravitational energy Eg for the static configu-
ration (30) by integrating the energy density in the whole
spacetime volume where the Killing vector is well defined,
that is, from the event horizon rH up to the spatial in-
finity
Eg = 4pi
∫ ∞
rH
Eg(r) r2 dr, (34)
where Eg is solution of equation (33). However, this in-
tegral cannot be done analytically and, therefore, we ap-
peal to numerical methods for the calculation of the total
energy. Using the open-source SciPy c© [13], we obtain
Eg ' 0.8Mc2 as an estimation for the integral (34).
VII. CONCLUSION
The formula of tgµν proposed here is a consequence of
the description of the gravitational field in terms of the
unique scalar function Φ. We used the field theoretical
approach as it was done in the case of General Relativity
by Feynman et al., once it seems that it is the most direct
way to bypass the difficulties invoked by many authors
based on the equivalence principle. We have shown that
it is possible to define a true energy-momentum tensor
tµνg whose conservation implies the dynamical equations
of the field. In this paper we only start the program to
examine the behavior of this quantity in stars. There re-
mains the task to analyze further the complete properties
of tgµν and to apply it in others configurations. This is a
matter for future work.
Appendix A: Particular choice of a and b from the
variational principle
Let us explain here the origin of the particular values
of a and b proposed in the text to specify the tensor Θµν .
Start by re-calling the action
I =
1
κ
∫ √−η V w
The dynamics of Φ is obtained directly by varying I.
However this procedure can be realized in two stages:
varying the action with respect to the gravitational met-
ric qµν it gives which components of the matter tensor
will be taken into account in the dynamics, obtaining
Eq. (13), and then, varying qµν with respect to Φ we get
the dynamics (10).
Let us use the definition of the gravitational metric qµν
and rewrite this action in the equivalent manner
I =
1
κ
∫ √−q√V ∂µΦ ∂νΦ qµν (A1)
The dynamics of Φ is obtained by variation of I with
respect to arbitrary variations δΦ. In a first step we vary
with respect to δqµν . We thus obtain the intermediary
variation
δI =
1
κ
∫ √−q√V (∂µΦ ∂νΦ− 1
2
Ω qµν
)
δqµν .
This suggests to define the associated Θµν using equa-
tion (14) up to a factor 2:
Θµν =
1√−q
δ(
√−q√V ∂µΦ ∂νΦ qµν)
δqµν
.
It then follows
Θµν = − 4
√
V
(
∂µΦ ∂νΦ− 1
2
Ω qµν
)
. (A2)
This expression yields the values of a and b that we
used in the original expression of Θµν .
Appendix B: The energy density of a compact object
We shall give the steps to solve the differential equation
(33) for the energy density. Due to the term |α − 3| in
the function P (α), we separate Eg in two regimes: Eg,1
for 1 < α < 3 and Eg,2 for α > 3. The general solution
of (33) is easily obtained if we do the change of variables
z = 3
√
α− 1. Therefore, for 0 < z < 3√2, we have
8Eg,1(z) = − 16Kr2H
[
− 9z2
2(z3 + 1)4
+ 54z
2
(z3 + 1)3
− 6z2
(z3 + 1)2
− z2
9(z3 + 1)
+ 7
√
3
27 arctan
(
−1 + 2z√
3
)
+
−28/3
√
3
27 arctan
(
1 + 22/3z√
3
)
− 727 ln(1 + z)− 2
8/3
27 ln(2− 22/3z) + 754 ln(1− z + z2)+
+2
8/3
27 ln(2 + 2
2/3z + 21/3z2)− 7
√
3
27 arctan
(
−
√
3
3
)
+
√
328/3
27 arctan
(√
3
3
)]
z4 (z3 + 1)−1/2.
(B1)
where the constant of integration is chosen in such a way
that Eg,1 vanishes when z goes to zero (which means r →
∞). For z > 3√2, we obtain that Eg,2 = −Eg,1. Finally,
the total energy in given by
E = 12pi
∫ ∞
0
Eg(z) (z
3 + 1)2
z10
dz = 12pi
(∫ 3√2
0
Eg,1(z) (z
3 + 1)2
z10
dz +
∫ ∞
3
√
2
Eg,2(z) (z
3 + 1)2
z10
dz
)
.
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